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Abstract 

We point out some subtleties with gauge fixings (which sometimes include 
the so-called "brane bending" effects) typically used to compute the graviton 
propagator on the Randall-Sundrum brane. In particular, the brane, which 
has non- vanishing tension, explicitly breaks some part of the diffeomorphisms, 
so that there are subtleties arising in going to, say, the axial gauge or the har- 
monic gauge in the presence of (non-conformal) matter localized on the brane. 
We therefore compute the graviton propagator in the gauge where only the 
graviphoton fluctuations are set to zero (the diffeomorphisms necessary for 
this gauge fixing are intact), but the graviscalar component is untouched. 
We point out that in the Gaussian normal coordinates (where the graviscalar 
component vanishes on the brane) the graviton propagator blows up in the 
ultra-violet near the brane. In fact, the allowed gauge transformations, which 
do not lead to such ultra-violet behavior of the graviton propagator, are such 
that the coupling of the graviscalar to the brane matter cannot be gauged 
away in the ultra-violet. Because of this, at the quantum level, where we 
expect various additional terms to be generated in the brane world-volume 
action including those involving the graviscalar, fine-tuning (which is inde- 
pendent of that for the brane cosmological constant) is generically required 
to preserve consistent coupling between bulk gravity and brane matter. We 
also reiterate that in such warped backgrounds higher curvature terms in the 
bulk are generically expected to delocalize gravity. 
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I. THE MODEL 



In the Brane World scenario the Standard Model gauge and matter fields are assumed 
to be localized on branes (or an intersection thereof), while gravity lives in a larger di- 
mensional bulk of space-time ||T|-[T2|. The volume of dimensions transverse to the branes is 
automatically finite if these dimensions are compact. On the other hand, the volume of the 
transverse dimensions can be finite even if the latter are non-compact. In particular, this 
can be achieved by using [|I^ warped compactifications which localize gravity on the 



brane. A concrete realization of this idea was given in ||T5 



In this paper we study gravitational interactions between matter sources localized on the 
brane in the Randall- Sundrum model, whose action is given by: 



S = -f 



(1) 



For calculational convenience we will keep the number of space-time dimensions D unspec- 
ified. In Mp is the D-dimensional (reduced) Planck scale, while A is the bulk vacuum 
energy density, which is assumed to be a negative constant. The {D — l)-dimensional hy- 
persurface S, that is, the brane, is the z = slice of the D-dimensional space-time, where 



X 



D 



Next, 



Pi — X M X N 



(2) 



where the capital Latin indices M, N, . . . = 1, . . . ,D, while the Greek indices /i, u, 
1, . . . , {D — 1). The quantity / is the brane tension^. 

The equations of motion following from the action (|1]) read: 



Rmn — -^GmnR + ttCmatA + - — — 
Z Z z y — G 



(3) 



where / = f/M^''^. 

In the following we will be interested in solutions to the equations of motion following 
from the action (|^) with the warped metric of the following form: 



(4) 



where tjmn is the fiat D-dimensional Minkowski metric, and the warp factor A, which is a 
function of z, is independent of the coordinates x'^. With this ansatz, we have the following 
equations of motion for A (prime denotes derivative w.r.t. z): 



There might be additional bulk fields other than gravity. We will assume that such fields have 
vanishing expectation values. Also, there might be various fields localized on the brane. If the 
brane world- volume theory is not conformal, then, as was pointed out in []l6| , |l^ , quantum loops 
of these fields are generically expected to induce, among other terms, the {D — 1) dimensional 
Einstein-Hilbert term on the brane. We will discuss the consequences of this at the end of the 
paper. For now, however, we will ignore any such terms and stick to the original action (|l]). 
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(D - 1) (D - 2) {Ay + A exp(2v4) = , 
{D - 2) \A" - [A'f] = -I exp{A)f6{z) . 



(5) 
(6) 



This system of equations has a solution if we fine-tune the brane tension to the bulk vacuum 
energy density as follows: 



A 



1 D-1 



16D-2' 

Assuming that the brane tension is positive, the solution is then given by 

\z\ 



A{z) = - In 



+ 1 



(7) 



(8) 



where A = 4(D — 2)//, and we have chosen the integration constant such that A{0) = 0. 

The volume of the transverse dimension, which is given by / dz exp{DA), is finite in the 
above solution, and so is the normalization of the {D — l)-dimensional graviton zero mode 
wave-function, which is given by / dzexp[{D — 2) A]. That is, gravity is localized on the 
brane, and at long distances we expect that gravity is {D — l)-dimensional. In particular, at 
long distances we expect {D — 1) -dimensional Newton's law to be valid for matter sources 
localized on the brane, and the number of the graviton degrees of freedom which couple to the 
corresponding conserved energy-momentum tensor on the brane should be {D — 1){D — 4)/2 
(which for D = 5 is 2). On the other hand, at short distances we expect that gravity is 
D-dimensional. In particular, at short distances we expect the D-dimensional Newton's law 
to take over. As to the tensor structure of graviton propagator, consistency tells us that we 
should also expect it to be that of the D-dimensional massless graviton propagator. The 
number of the graviton degrees of freedom which couple to the conserved energy-momentum 
tensor on the brane should then be {D - 2){D - 3)/2 = {D - 1){D - A) /2 + I (which for 
D = 5 is 3)|. 



II. BRANE WORLD GRAVITY 



To understand how such a smooth crossover between the number of relevant degrees of 
freedom occurs in this model, let us study small fluctuations around the solution: 



G 



MN 



exp{2A) r]MN + hMN 



(9) 



where for convenience reasons we have chosen to work with Hmn instead of metric fluctua- 
tions Hmn = exp{2A)hMN- 



^Note that the other D -3 = D{D -3)/2- {D - 2){D - 3)/2 degrees of freedom (that is, those 
corresponding to the graviphoton) do not couple to the conserved energy-momentum tensor on the 
brane. 
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To proceed further, we need equations of motion for Hmn- Let us assume that we have 
matter locahzed on the brane, and let the corresponding conserved energy-momentum tensor 
be T, 



(10) 



The graviton field h^^, couples to T^^^ via the following term in the action (note that h 
at 2; = as we have set A{0) = 0): 



h 



(11) 



Next, starting from the action 5* + S'int "we obtain the following linearized equations of 
motion for Hmn (the capital Latin indices M,N, . . . are lowered and raised with the flat 
D-dimensional Minkowski metric rjMN and its inverse): 



[dsd^hMN + dudNh - dnd^hsN - dNd^hsM 
{D - 2) A' { [dshMN - dMhNs - 
{D -1){D- 2){A'fr]MNhsRn'n'' 



Vmn 



MS 



n +r]MN 



dsd^h - d^d^hsR] } + 



2d^hRs - dsh 



M'p-^TmnKz) 



(12) 



h^j, and for notational convenience we have introduced a unit vector n*^ with 



where h 

the following components: = 0, = 1. The components of Tmn are given by: 



Tfj,u — A^f 

fDD = 0, 



Here and in the following we use the notations: 



p = h 



DD ■ 



(13) 

(14) 
(15) 

(16) 



Also, we will use the notation H = Hj^, and the Greek indices fi,^, . . . are lowered and raised 
with the fiat {D — l)-dimensional Minkowski metric ?7^jy and its inverse. 

The above equations of motion are invariant under certain gauge transformations corre- 
sponding to unbroken diffeomorphisms. In terms of Hmn the full Z)-dimensional diffeomor- 
phisms 

ShMN = Va/^at + Vn^m (17) 

are given by the following gauge transformations (here we use = exp(2y4)^M): 

STiMN = dM^N + dNin + 2A'r]MNisn^ ■ (18) 

Note, however, that the presence of the brane (whose tension is non- vanishing) breaks the full 
D-dimensional diffeomorphism invariance (|TB|) to a smaller subset of gauge transformations. 
To deduce the unbroken gauge transformations, let us first rewrite the equations of motion 
(O) in terms of the components: 
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- ^,,H" + {D- 2) A' [h'^, - r^^^H'] } - 
{d,Al + d,A'^ - 2r],,d^A'^ + {D- 2) A' [d,A, + d,A^ - 2r]^,d^A,]} + 
{d^d^p - 7]^M''P + Vf.. [{D - 2)A'p' + {D-1){D- 2)(A')V] } = -M|,-^f^,5(z) , (19) 
[d^'H^, - d,H]' - d^F^, + {D- 2)A'd,p = Ml-^'f^oSiz) , (20) 
- [d^d'-H^, - d^d^H] + {D~ 2)A' [H' - - - 1){D - 2){A'fp = , (21) 

where F^^ = d^A^ — duA^ is the U{1) field strength for the graviphoton. 

In terms of the component fields H^y, A^ and p, the full Z)- dimensional diffeomorphisms 
read: 

5H^, = d^t + d,l^ + 2t^^,A'uo , (22) 
5A, = l'^ + d,u, (23) 
5p = 2uj' + 2A'u} , (24) 

where u = C,d- It is not difficult to check that (|2ll) is invariant under these gauge transfor- 
mations. On the other hand, the invariance of (|T9D requires [ci;5(2;)] = 0. This then implies 
that uj{z = 0) = 0. Finally, the invariance of ( ^OD can be seen to imply C,'^S{z) = 0, which 
implies ^'^{z = 0) = 0. Thus, the unbroken diffeomorphisms are given by (0), (p3|) and (^4]) 
subject to the following conditions: 

uj{z = 0) = , (25) 
= 0) = . (26) 

Note that it is the presence of a non-zero tension brane that is responsible for this reduc- 
tion of gauge symmetry in the system. The condition ( p5D can be intuitively understood 
by noting that A' is discontinuous at 2 = 0, so that u must vanish at ^ = or else the 
gauge transformation (^) for H^^, would be discontinuous. On the other hand, (p6D be- 
comes evident upon examination of (^). The r.h.s. of this equation, which is given by 
Mp~^Ti^d6{z) = A^f5{z), is nothing but the mass term for the graviphoton on the brane, 
so that the corresponding gauge transformation on the brane should be vanishing. 

Before we turn to solving the above system of equations, the following observation is in 



order. Note that the l.h.s. of (pO|) does not contain terms with second derivatives w.r.t. z. 



This then implies that, to have a consistent solution, we must have 

A^{z = 0) = . (27) 

In fact, this is consistent with the fact that the graviphoton does not couple to the conserved 
energy-momentum tensor on the brane. 

A. Partial Gauge Fixing 

Note that a physical solution to the above system of equations must satisfy the physical 
boundary conditions, namely, that all perturbations should decay to zero away from the 
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brane. In particular, the graviphoton field must satisfy this requirement as well. It is 
not difficult to see that, since it vanishes on the brane, to have — at 2; — ±00, we must 
assume that vanishes everywhere. Note however, that this actually is not an additional 
requirement. Indeed, we can always gauge away. Thus, it vanishes on the brane. On 
the other hand, away from the brane (that is, at z 7^ 0) we can always use the unbroken 
diffeomorphisms (|23|) to set to zero. Thus, consider diffeomorphisms with uj = 0. We 
can then always choose such that the gauge transformed A^ identically vanishes. In the 
following we will refer to this gauge fixing as partial gauge fixing (as opposed to the complete 
gauge fixing which we will discuss in the next subsection). 

After the aforementioned partial gauge fixing, we have the following equations of motion: 



[h;^ - r^^^H" + {D- 2) A' [h'^^ - r^^^H'] ] + 

[d^^d^p - 7]^M''p + T]^, [{D - 2)A'p' + {D-1){D- 2){A')^p] } = -Mjr'^f^Jiz) , (28) 

[d'^H^, - d,H]' + {D- 2)A'd,p = , (29) 

- [d^'d'H^, - d^'d^H] + {D - 2) AH' -{D-l){D- 2){Afp = . (30) 

To solve this system of equations, it is convenient to perform the Fourier transform for the 
coordinates (we will denote the corresponding momenta via p'^), and Wick rotate to the 
Euclidean space (where the propagator is unique). The equations of motion for the Fourier 
transformed quantities read: 

- [p'^Hf,„ + p^pyH - p^p^^H^^ - Piyp^H^f, - rjf,^ p^H - p^p^H^p } + 
{h';, - v,.H" + (D - 2) A' [ij;, - r^,,H'] } + 

{-p.PuP + V,u [{D - 2)A'p' + p{f + [D- 1){D - 2){A'f)] } = -M|-^f^,(p)5(^) , (31) 
[p^H^, - p,H]' +{D- 2)A'p,p = , (32) 
'p^p'^H^^ - p^h] +{D- 2)A'H' -{D-1){D~ 2){A'fp = . (33) 

Let us assume that T{p) = T^(p) 7^ 0. Then the most general tensor structure for the fields 
Hfj^i, and p can be parametrized in terms of four functions a, b, c, d as follows: 



p = Ml-^ d T{p) 



2-D 



{a T^^{p) + [h 7]^^ + c p^py] T{p)} 



(34) 
(35) 



Plugging this back into the equations of motion, we obtain five equations for four unknowns 
a, b, c, d. However, one of these equations is identically satisfied once we take into account 
the other four (as well as the on-shell expression for A). After some straightforward compu- 
tations we obtain the following system of four independent equations: 



a" + {D- 2)A'a' - p^a = -5{z) 
{D - 2)A'd = a' + {D- 2)6' , 



A' 



{D - 2)/c' 



/ [a + {D- 2)6] , 



a + (D - 3)6 - c" -{D- 2)A'c' + d = . 



(36) 
(37) 
(38) 
(39) 



6 



Here we note that (|36|) must be solved subject to the boundary conditions a{z — > ±00) = 
(for > 0). 

Note that (^) contains the second derivative of c but no (5-function term. This then 
imphes that c' must be continuous at 2 = 0. However, since A' is discontinuous at 2; = 0, 



the only way that we can satisfy 



is then to assume that c' vanishes a.t z = 0. Taking 



into account that at z ±00 c must go to zero, we can assume that c identically vanishes. 
Then we have only three unknowns left, namely, a, b, d, but we still have four equations. 
However, one of these equations, namely, (0), is automatically satisfied once we take into 
account the other three equations (as well as the on-shell expression for A). In terms of 
the solution to ( |36D (which can be expressed via Bessel functions [1^), we thus have the 
following expression for b 



1 



D 

Note that d = -a - {D - 3)6. 

Using the above results we obtain: 



a + —A'a' 

p2 



(40) 




1 + -A'{z) {ln[a{p,z)]y 



p. 



Vi.uT{p) 



{\n[a{p,z)])'\T{p) 



(41) 
(42) 



This solution gives the form of (linearized) gravitational interactions between matter sources 
localized on the brane including the tensor structure of the corresponding graviton propa- 
gator. In fact, this is a physical solution - it satisfies the physical boundary conditions at 
z — *• ±00, where both H^^{p,z) and p{p, z) decay to zero as they should. In fact, in the 
following we will argue that the leading ultra-violet behavior of if^jy and p on the brane 
following from the above solution is independent of the gauge choice. 



B. Complete Gauge Fixing 

Recall that above we set c to zero, which left us with three unknowns a, b, d yet four 
equations. However, as we mentioned above, only three out of these four equations are 
independent. This gives us a hint that, before we set c to zero, there was still some residual 
gauge symmetry left in the system. This, in fact, is indeed the case. The simplest way to 
see this is to note that we can actually gauge both A^ and p away. Indeed, even though uj 
must vanish at z = 0, u' need not. It is then not difficult to see that we can simultaneously 
gauge Afj^ and p away. 



One way to do this is to actually start from the solution (^) and (|4^), and find a 
gauge transformation that gauges p away but does not affect A^, which is vanishing. The 
corresponding gauge parameters are given by (A was defined after (||)): 



ip.Tip) r 



8{D - 2)A p 



,2 



4aA + z^ + 2A\z\ 



(44) 
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where we are working with the Fourier transformed quantities. Note that these gauge 
parameters formally satisfy the conditions (^) and (^). Here we note that is given 
by the above expression up to an arbitrary additive contribution independent of which 
can be absorbed into {D — l)-dimensional diffeomorphisms (for which a; = 0, and are 
independent oi z). 

Next, the gauge transformed field H^j^y is given by: 



:Vf.uT{p) 



4(L)-2)A 



D-2 

AaA + z^ + 2/\\z 



1 



2{D - 2)A p 



(45) 



This expression has some peculiar properties. First, the last term diverges as z —>■ ±oo, so 
that H^i, given by this expression is no longer a small perturbation around the background. 
Moreover, even though this term is proportional to p^Pu, a probe bulk matter source, for 
which p'^Tj^lf^ip) need not vanish, will feel this field away from the brane. Second, even if we 



consider only bulk matter sources with p^Tj^^ (p) — 



0, so that the last term in (|^) cannot 
be measured, the second term in (^) is still felt by such a probe bulk matter source (unless 
its energy- momentum tensor is traceless). This term, however, is independent of z (while 
the first term in (^Sj) decays to zero at z ^ ±oo), so there is a non- vanishing perturbation 
even infinitely far away form the brane. That is, the above gauge transformed solution does 
not satisfy the physical boundary conditions at 2; — > ±00. 

Another way of arriving at the above result is to use the complete gauge fixing to begin 
with, that is, to set as well as p to zero before solving the equations of motion. This 



amounts to setting d to zero in the system of equations (|5BD, (|57|), (^) and (PP]). Once again, 
we now have three unknowns a, b, c and four equations. However, as before, only three of 
these equations are independent. In fact, upon solving this system of equations for a, b, c, 
we obtain precisely (^) (up to terms which can be gauged away using the aforementioned 
{D — l)-dimensional diffeomorphisms). 

Thus, as we see, the scalar degree of freedom p cannot be gauged away in the sense 
that, if we do gauge it away, the corresponding gauge transformed solution is not physical. 
In particular, it does not satisfy the physical boundary conditions at z ±00. However, 
above we saw that we cannot gauge p away everywhere, but we could ask whether p can 
be gauged away on the brane (while it is non-vanishing in the bulk) and still satisfy the 
physical boundary conditions. 

The answer to this question is positive, but there is an important point arising in such 
gauge fixing that we would like to discuss here. Thus, consider a gauge transformation with 
the following properties: 



(46) 



^^{z) = ipf, / dzi uj{zi) 



where uj{z) satisfies the following conditions: 



uj{0) = , t<;'(0) 



T{p) 



2{D-2) p2 



p^a{p, 0) 



D-3 
2A 



(47) 
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and u{z) goes to zero at z ±00 fast enough so that ^^(2) also goes to zero. Moreover, let 
us require that at any finite z none of the quantities uj^z), uj'{z) and ^f_i{z) have poles for any 
values of even after we rotate back to the Minkowski space. In fact, it is non-trivial that 
this last condition can be satisfied. Thus, consider C,^{z) infinitesimally close to the brane. 
From (|46|) we have 

Uz) = '^u;'{0)z' + 0{z') . (48) 

On the other hand, for small we have a{p,0) = {D — 3)/2Ap^ + 0{A), so that uj'{0) 
does not have a pole at = 0, nor does ^^(2) infinitesimally near the brane. The above 
gauge transformation then introduces no dangerous poles in H^^ or p. Moreover, it is not 
difficult to see that the gauge transformed graviphoton still vanishes everywhere. The gauge 
transformed graviscalar p now vanishes on the brane, but it is non-vanishing outside of the 
brane. Finally, the above gauge transformation does not affect the graviton components on 
the brane as uj{0) = and ^^(0) = 0, and we have 



2{D - 2)A p2 



. (49) 



Here we note that this result is the same as that obtained using the "brane bending" proce- 
dure of p!^JTP|] p|. In fact, the gauge transformation with the properties (^) and ( ^7] ) precisely 



corresponds to the "brane bending" procedure, where the graviscalar component vanishes 
on the brane due to the fact that the "brane bending" brings us to the Gaussian normal co- 
ordinates w.r.t. the brane, where the [DD) component of the metric perturbation vanishes 
HQ- 



There is, however, a subtlety arising in using the above gauge fixing which sets p to zero. 
From the above discussion it is clear that there is no subtlety as far as the infra-red behavior 
of the graviton propagator is concerned. The subtlety, however, does arise in the ultra-violet. 
Thus, consider the variations due to the above gauge transformation in H^i, infinitesimally 
near the brane: 

6Hf,y{z) = -ip^iu - ipuifi + '2r]f,^A'uj = 

p,p,u'iO)z'[l + Oiz)]~r]^,^uj'iO)\z\[l + Oiz)] . (50) 

It is not difficult to see that at large p"^, that is, for p^A^ ^ 1, we have a{p, 0) ~ l/2p, where 
p = This then implies that at large p^ we have 

^'(0) - , ' . (51) 

^ ' 2{D-2) 2p ^ ' 

Thus, as we see, in (^Uj) the term proportional to p^py has the following momentum structure 
at large p^: 



^Some issues in the "brane bending" procedure were discussed in 



9 



p 



(52) 



so that the graviton propagator blows up in the ultra-violet infinitesimally near the brane. 
Such a behavior is not acceptable for the graviton propagator, in particular, the correspond- 
ing perturbation is no longer small for large p^. This implies that the diffeomorphisms 
required for setting p to zero on the brane actually are not allowed. 

Here, however, we would like to discuss the diffeomorphisms that do not lead to ultra- 
violet inconsistencies of the aforementioned type. Thus, consider diffeomorphisms where we 
still have (|46| ) as well as u{0) = 0, but ti;'(0) goes to zero at large as 

a;'(0) ~ ^ . (53) 

(We are assuming that uj{z) is such that this gauge transformation does not introduce any 
infra-red problems, in particular, it does not introduce any dangerous poles.) For the gauge 
transformed H^^ not to blow up at large p^, we must then assume that a >2. Note that, if 
this condition is satisfied, the gauge transformation in p{z = 0) only introduces terms which 
are subleading compared with the leading behavior of p{z = 0) given by (^^ at large p^. 
That is, the allowed diffeomorphisms are such that they introduce only subleading terms 
into p{z = 0) at large p^. In fact, the corresponding gauge parameter uj'{0) vanishes in the 
ultra-violet limit. This fact will become important when we discuss quantum corrections on 
the brane. 



C. Long and Short Distance Behavior 

Let us now use (|4T|) to obtain the tensor and momentum structures of the graviton 
propagator at small and large p. At large distance scales r ^ A, that is, at small momenta 
p <^ 1/ A, we have 

a{p, z = 0) = ^ + ... , (54) 
where the ellipses stand for subleading corrections, and 



Mp 



D-2 



Jdzexp[{D-2)A] = ^—^A. (55) 



Here Mp is the {D — l)-dimensional (reduced) Planck scale corresponding to the {D — 1)- 
dimensional Newton's constant which determines the strength of gravitational interactions 
mediated by the localized graviton zero mode. On the other hand, A'{0±) = =f1/A, and 
a'{p,z = 0±) = =f1/2 (the latter can be seen from (^)). We therefore obtain that at small 
momenta 



if^,(p,^ = 0)^Mf-^^ 



p2 



T^u{p) - -j^^VfiuTip) 



(56) 



Both the momentum and tensor structures in this expression for the gravitational field on 
the brane are (D — l)-dimensional. Thus, at large distances we have the (D — l)-dimensional 
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4 Ng-^ton's law, and the number of degrees of freedom which couple to T^jy (which can 
be read off the coefficient — 1/(Z) — 3) in front of the 77^i,T(p) term) is {D — 1){D — A)/2. In 
particular, note that the coupling of the scalar degree of freedom p = to brane matter is 
suppressed by an extra factor of order p^A^ compared with that of the graviton H^j^y. This can 
be seen from the fact that at — we have d{p^ 0) = — a(p, 0) — — 3)6(p, 0) const, x A 
(this follows from the fact that the next-to-leading correction in (|5^) is (9(A)). This then 
implies that 

p(p, z = 0) ^ const. X Ml~^/\^T{p) . (57) 

This, in particular, implies that at long distances we indeed have {D — l)-dimensional 
gravity. In fact, let us note that the long distance behavior of p{p, z = given by ( pTl) is 
gauge dependent, and it is not difficult to see that we can always go to a gauge where the 
coupling of p(p, 2; = 0) to the brane matter vanishes as — > 0. 

Next, let us see what happens at small distance scales r ^ A, that is, at large momenta 
p ^ 1/A. We now have 

^) ~ TT exp(-p|2;|) , (58) 



so that we obtain 



2p 
1 

2^ 



(59) 



Both the momentum and tensor structures in this expression for the gravitational field on 
the brane are D-dimensional. Thus, at small distances we have the D-dimensional l/r^~^ 
Newton's law, and the number of degrees of freedom which couple to T^^ (which can be 
read off the coefficient —1/{D — 2) in front of the ri^i,T{p) term) is {D — 2){D — 3)/2 = 
{D — 1)(-D — 4)/2 + 1. The extra degree of freedom is precisely the scalar p which no 
longer decouples at large momenta. This can be seen from the fact that at large p we have 
d{p, 0) ^ -alp, 0)7(1) - 2), and 



Note that that (BUp and (BUp are in complete agreement with the corresponding expressions 



in the case of a tensionless brane embedded in the Minkowski bulk [0] as they should 
be. Indeed, at large p the leading behavior of gravity in Randall-Sundrum brane world is 
expected to be the same as in the limit where the bulk vacuum energy density A as well as the 
brane tension / go to zero with the fine-tuning relation (|^) fixed. In this limit we precisely 
have a tensionless brane in the Minkowski bulk. On the other hand, as we pointed out in the 
previous subsection, the allowed gauge transformations do not affect the leading behavior 
of pip^z = 0) at large p given by (pH). That is, the coupling of p to the brane matter is 
non- vanishing at large p, and it cannot be gauged away using the allowed diffeomorphisms. 
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III. IMPLICATIONS 



The fact that p couples to the brane matter in the ultra-violet has important implica- 
tions. Thus, note that the brane world-volume theory is not conformal as long as gravity 
is localized. This then implies that quantum corrections will generically generate various 
terms in the brane world-volume for the fields that couple to the brane matter. In the 
Randall-Sundrum model these fields are H^^ and p. It is clear that the corresponding terms 
in the brane world- volume action should respect the {D — l)-dimensional diffeomorphisms 
on the brane (for these diffeomorphisms = 0, and are independent of z). Let us con- 
fine our attention to such terms that are quadratic in H^y and/or p, and contain at most 
two derivatives w.r.t. x^. Then the most general corrections of this type into the brane 
world- volume action are given by the following terms: 

Sp = d^'-'x {C2 [d,H - d^H^y] d'p - Csmy - Cd^pd'^p} . (61) 

The terms combined into Sh correspond to expanding the termQ 



M^-^Ci / d^'-^x^-GR (62) 



around the Minkowski background: G^jy = rj^^ + iJ^^, (i? denotes the {D — l)-dimensional 
Ricci scalar constructed from the metric G^^j). Note that this term renormalizes the [D — l)- 
dimensional Planck scale, and one can show that it does not introduce any inconsistency as 
far as the coupling between bulk gravity and brane matter is concerned. 

On the other hand, as we will point out in a moment, the terms appearing in (|6lD are a 
bit more harmful. The term with the coefficient C2 corresponds to expanding the term 



M^-'^C2 / d^~^x p\/-GR (63) 



around the Minkowski background. The term proportional to C3 (that is, the mass term for 
p) corresponds to expanding the term 



- M^-^Cg ^ d^-^x 4-^y{p) (64) 

around the Minkowski background. Here V{p) is the scalar potential for p, which is also 
expanded w.r.t. p. The first term in this latter expansion is given by 



M^-3c3r(0) / d^-^x^-G . (65) 
It. 



^The fact that this term is generically generated by quantum effects on a brane was pointed out 
in [16,1^. The fact that it should be included in the Randall-Sundrum model was pointed out in 
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This term renormalizes the brane tension. Then to preserve {D — l)-dimensional Poincare 
invariance on the brane we need to accordingly fine-tune the bulk vacuum energy density. 
This fine-tuning is the usual fine tuning of the {D — l)-dimensional cosmological constant, 
and it will not concern us here. On the other hand, the term linear in p, which is given by 



M^-^CsVpiO) l^d^-^x p\/-G , (66) 



deserves a more careful consideration. Indeed, if V^(0) 7^ 0, this term corresponds to a 
tadpole for p when expanded around the classical vacuum. It is not difficult to see that 
such a tadpole would destabilize the background. The reason for this is that in the presence 
of such a tadpole the r.h.s. of the (DD) component of (Q), that is, the r.h.s. of (|]) now 
contains the delta-function source term, while its l.h.s. does not contain terms with the 
second derivative w.r.t. z. This implies that p = does not correspond to a consistent 
background. On the other hand, if Vp vanishes for some other p = po, we must then expand 
around this point instead of p = 0. We can then always bring the corresponding solution to 
the form we have been using by appropriate rescalings. The important point here, however, 
is that a priori there is no guarantee that the scalar potential for p has an extremum. Thus, 
for instance, V{p) could have a runaway behavior. That is, in this model we a priori have 
to deal with a type of the moduli problem. In the following we will, however, assume that 
(possibly after the aforementioned rescalings) we have V^(0) = 0. Finally, let us mention 
that the term in (^) proportional to C4 is the kinetic term for p. 

In fact, there is one more term which will be relevant for the following discussion. Thus, 
at the quantum level there might be generated a non-vanishing coupling of p to the brane 
matter analogous to that for the graviton Hp,^. That is, instead of (|TT|) we can consider a 
more general coupling 

^int = 1 [ d^-'x TMNh^"" . (67) 



2 Js 

Here we will assume that T^^ = as does not couple to the conserved energy-momentum 
tensor T^i^ on the brane. However, the coupling T^d generically need not vanish at the 
quantum level. 

Here we note that the terms in (|6lD as well as the Tod coupling in (|67D are not invariant 



under the diffeomorphisms given by ([22|), (53) and (El) subject to the conditions (pSf) and 



(p6|) (while the correction given by Sh is) as in these diffeomorphisms ci;'(0) need not vanish. 
However, as we pointed out in the previous section, not all of these diffeomorphisms are 
allowed - uj'{0) must vanish fast enough with — 00 or else the gauge transformed graviton 
propagator blows up near the brane in the ultra-violet. That is, generically there is nothing 
preventing the terms in ( 161|) as well as the T^d coupling in (^) from being generated at the 
quantum level. In fact, the corresponding counterterms are precisely related to ultra-violet 
divergences in the theory. 

The trouble with the terms appearing in ( |6ll) as well as the aforementioned coupling 
Tod is that they give rise to a source term on the r.h.s. of (|30|), while its l.h.s. does not 
contain terms with the second derivative w.r.t. z. It is then clear that, to have a consistent 
solution to (ppp, the total source term on its r.h.s. should vanish. This, however, generically 



implies that we need to fine-tune parameters C2, C3, C4 as well as the coupling T^d to have 
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a continuous solution for p and H^j^y. Indeed, the values of p and H^u at ^ = are completely 
determined in terms of T^^,. Note that this fine-tuning is independent of the aforementioned 
fine-tuning required for maintaining vanishing cosmological constant on the brane. 

Note that if we naively perform the "brane bending" procedure, in the corresponding 
Gaussian normal coordinates p does not couple to the brane matter, so in this gauge it might 
seem that the aforementioned dangerous terms are not generated. However, in the presence 
of (non-conformal) matter on the brane, in this gauge the brane is no longer straight but is 
bent w.r.t. the coordinate system that is straight w.r.t. the AdS horizon A priori 



it is then unclear how to compute quantum corrections due to the brane matter loops on 
such a brane, so that the conclusion that the aforementioned terms are not generated in 
this gauge might be incorrect. In fact, had such a conclusion been correct, we would have 
a puzzle - physics should certainly be independent of the gauge choice, and in the gauge 
where p is non- vanishing on the brane the corresponding terms are generically expected to be 
generated. Note, however, that the resolution of this issue appears to be quite simple if we 
take into account our previous discussions - the gauge corresponding to the Gaussian normal 
coordinates appears to suffer from ultra-violet divergences in the graviton propagator, and 
is not suitable for discussing the aforementioned quantum corrections on the brane. 

Thus, as we see, the fact that p cannot be gauged away necessitates fine-tuning at the 
quantum level to preserve consistent coupling between bulk gravity and brane matter. A 
similar observation was recently made in 12^ in a somewhat different context, namely, within 



the setup of where the extra dimension has infinite volume. Because of the latter fact, 
however, consistent coupling between bulk gravity and brane matter can be achieved in the 
setup of p3| if the brane world- volume theory is conformal p2[. 



IV. REMARKS 



Let us now comment on quantum corrections in the bulk. In particular, as was pointed 
in warped backgrounds with finite-volume non-compact extra dimensions one 



out in |23 



must be cautious about higher derivative terms in the bulk action. Note that as long as 
—A -C Ml, where M^, is the cut-off scale for higher derivative terms in the bulk action, 
then contributions of such terms as far as the domain wall solution is concerned are under 
control ||2^. However, as was pointed out in ||2^, higher curvature terms in such warped 
compactifications generically lead to delocalization of gravity. Thus, inclusion of higher 
derivative terms of, say, the form 



into the bulk action would produce terms of the form [|24| 



(68) 



(69) 



Assuming that A goes to —oo at z — >■ ±cxo, for large enough k the factor exp[(D — 2k)A\ 
diverges, so that at the end of the day gravity is no longer localized. 
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A possible way around this difficulty might be that all the higher curvature terms should 
come in "topological" combinations (corresponding to Euler invariants such as the Gauss- 
Bonnet term p5| , p6| ) so that their presence does not modify the {D — l)-dimensional prop- 
agator for the bulk graviton modes. That is, even though such terms are multiplied by 
diverging powers of the warp factor, they are still harmless. One could attempt to justify 
the fact that higher curvature bulk terms must arise only in such combinations by the fact 
that otherwise the bulk theory would be inconsistent to begin with due to the presence of 
ghosts. However, it is not completely obvious whether it is necessary to have only such 
combinations to preserve unitarity. Thus, in a non-local theory such as string theory unitar- 
ity might be preserved, even though at each higher derivative order there are non-unitary 
terms, due to a non-trivial cancellation between an infinite tower of such terms. 

We would like to end our discussion by pointing out that the aforementioned difficulty 
with higher curvature terms does not arise in theories with infinite-volume non-compact 
extra dimensions P7|- pil| , P!B|PT| , P3|P^ , P!7[| . However, consistency of the coupling between bulk 



gravity and brane matter might give rise to additional constraints. As we have already 
mentioned, in some cases the brane world-volume theory must be conformal. In such cases 



it would be interesting to understand if there is a relation to [Rl 
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